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AXTSYMMETRIC FUNDAMENTAL SOLUTIONS FOR THE EQUATIONS
OF HEAT CONDUCTION IN THE CASE OF CYLINDRICAL
ANISOTROPY OF A MEDIUM

S. E. Mikhailov upc 517.95

Numerical methods of solving the boundary-value problems for the equations of mathema-
tical physics based on the application of fundamental solutions, i.e., solutions describing
the reaction of infinite space or an infinite plane to a concentrated action, are currently
in widespread favor. Among these methods we can include the direct and indirect methods
of boundary integral equations [1], as well as the method of sources in which the solution
of the boundary-value problem is constructed by superposition of concentrated actions in
space, above some surface encompassing the area under investigation [2]. For the equations
of steady and nonsteady heat conduction in an isotropic medium such solutions are well estab-
lished (see [1} and the references cited there) both for the two- and three-dimensional
cases, as well as for the case of the axisymmetric problem. The plane and three-dimensional
equations of heat conduction for a rectilinear anisotropic medium can be reduced to the
isotropic case. We know of three-dimensional fundamental solutions for the equations of
elasticity theory in the case of a medium with rectilinear anisotropy [3] and for a recti-
linear anisotropic hereditary (or memory) elastic medium [4, 5].

The axisymmetric fundamental solutions for the steady and nonsteady equations of heat
conduction in the case of a cylindrical anisotropic medium are constructed in the present
study by reducing them to the corresponding equations for isotropic media. We present the
limit relationships for the characteristic parametric values. As one of the limit cases
we have derived the fundamental solutions for the steady and nonsteady equations of plane
heat-conduction problems for a rectilinear anisotropic medium.

The equations of nonsteady heat conduction in an arbitrarily anisotropic medium have
the form

divgq4 el =0, q= —yvT. {0.1)

Here T is the temperature; 'q is the heat-flux vector; Q is the specified release of heat;
¢ is the coefficient of heat capacity; 4% is the symmetric heat-conduction tensor; t is time.
The subscript which appears after the comma denotes the derivative with respect to the cor-
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responding coordinate; no summation is assumed over the repeated subscripts in the follow-
ing.

Let the medium exhibit cylindrical anisotropy and let (r, 8, z) represent the cylin-
drical system of coordinates whose z axis coincides with the axis of anisotropy. Then,
in this coordinate system the components of the heat-conduction tensor xug(a, g = r, 0,
z) are constant and substitution of the second of the equations from (0.1) into the first
yields

Yol T pp rin+ X%T,%/r? + 21,7 .+ 2xreT,re/r + (0.2)
F 4, 8T, T )+ 20,47 o /r — ¢T ;= — Q(r, 0, 3, ).

1. The Axisymmetric Fundamental Solution of the Steady Equation. We will look for
the solution of (0.2) with a right-hand side Q = Qu8(r — ry)é(z — z,) (& is the Dirac delta
function and Q,is a constant, with (r,, z,) representing the coordinate of the source).
Since the right-hand side depends neither on € nor t, this relationship disappears in (0.2)
as well. If the medium is isotropic, then Xpr = Xgz» Xrz = O and Eq. (0.2) changes into
the axisymmetric Laplace equation

T1rr + T,zz +' T,r/r = F7 F = (—QD/er)a (7‘ - 7'0)6 (Z - Zo)w (l.l)
whose solution is well known from [1]:%.
' WKW G 17 a
s o ZO)zﬂXfr{/ET{—_b = I %Q_”z(_b—)’ (1.2)

/2

where -K(M)==j‘(1——uzsh99)~ﬂ2de‘is the total normal elliptical Legendre integral of the
0
first kind; Q-;/, is the Legendre function of the second kind;
a=71%Fr24 (3 —2)% b =2rr,, p= V20l(a + b). (1.3)

Let us bring the axisymmetric steady equation to the form of (1.1), for which purpose
we will change from the variables (r, z) to the variables (r, CQ):

L= (Z - Xlr)/§1 Y= sz/er, £ = VXzz/er - (sz/er)zw (1.4)

and after substitution into (0.2) we derive the axisymmetric Laplace equation (1.1) for
r, [ relative to T? with the right-hand side

F(r, T 1o Lo) = (—Qu/ %) 8 — 70) 8 [E(L — L) + sa (r — 7o) -

Using (1.2) as the nucleus of the volume potential with density F°, we have the sought
fundamental solution of the axisymmetric steady equation (0.2)

: ISP YN I VA0 ( _°)
T(r, 23 Ty Zo) = ngxrr m—b = ZHEX" r 0—1/2 W (1.5)

W =124+ Lt = 26/(a® F D). (1.6)

Here and below, rp =t — Iy, Zp = 2 = Zgs Lp = = 0o = (zp = x1rp)/85 R = vrp? + (p?. When
we take into consideration the properties of the Legendre functions of the second kind and
their relationship to the elliptical integrals [6, 7], from the second of the equalities

in (1.5) we can derive expressions for the gradient of the fundamental solution

VT =T.(r, 27 20) € + T ,.(r, 57y 3p) €2 =

*Let us note that in [1] for the elliptical integral it is apparently the definition of
/2
K (m) = §(1——mshﬁﬁrﬂmde that is used and therefore in an expression such as (1.2) it is
0 .
the parameter m = u? that plays a role as opposed to nu. There is a printing error in the
expression for the argument of the Legendre function.
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— 0,7y E(u)
—ri— _2 K (p°
ngx,, Va = { [(r rg—1Ca 5 eA) + K(p )] e +

ar
ngE(M) } zngx" 1/2 {(a_o-zi——-;)z—) [_ a0 (_a;_) i
o+ s (To)][; (rz_r"_ZA—z ’CA)er + Cg ez]— 3 01/2( )er}

/2
(E(p):: y (1 — p?sin26)¥/2 40 is the total normal elliptical Legendre integral of the second
- . (1]

kind).

Let us also dwell in some detail on the limit properties of the fundamental solution
as r/fry > 0, ro/R > 0, R/fry » O:

z2 —1/2 t e —3/2
L 0= T Y (1+ %,) , VI — -Q>o =2 1+'—:' (s8r — €2);

rO 2’:er a 2g-xrr r: 0
, Q T 0 To . 1.7
—ﬁ——+0=>- T—>2E TT— VI — WF[(X:JA—XnﬂA)er—— ( )

_— (szrA — erZA) e].

These limit values have been obtained from the representation of the solution in terms of
elliptical integrals. For their derivation as R/r, + 0 we will use the representations
of the solutions in terms of the Legendre functions and we will take into consideration
thatia®/b =1 + (R/ry)%/2 + O(R3/ry3), while for small n [6]

0t + 1y =——1n (L) —v—vd+v)+0@lnn)

(¢ is the logarithmic derivative of the I'-function and Yy is the Euler-Mascheroni constant).
Then, if we denote c¢; =y + ¥(1/2), we have

R
-?eﬂﬁT»mf[MR—th+wl+mK )mam
o, a o n (1.8)
VI— Ea [(Xzer )(rzZA) € — (szrA - erzA) e.] + ',g 0 {';; In (—r'o‘)]-

Not only do relationships (1.8) yield the principal terms of the fundamental solution
in the case of a small distance between the source and the point of observation, but they
also make it possible to derive a fundamental solution in the plane problem with rectilinear
anisotropy, into which the cylindrical anisotropy as r, r, - » degenerates. However, it
should be kept in mind that in the axisymmetric problem the value of the function T, as
follows from (1.7), is calculated from its value at infinity, whereas in the plane problems
the fundamental solution at infinity may be unbounded. Therefore, we will calculate T from
some fixed point r,,z;:

7® (ra, 2; 0, zp) = lim [T (ry + ra, 2; 74, 20) — T (1o + T14) 535 Tor Z0)]-

To—)w

When we take (1.8} into consideration the fundamental solution for (P) in the plane
steady heat-conduction problem for a rectilinear anisotropic medium has the form

T®ry, 23 0, 20) = —Qp(2akx,) ™t In R + ¢,

where the constant ¢y = Qu(mEXyyr) " 1In(rip? + C14?) and it can be dropped. Representations
of T ‘P’ and T, (P) are given by the corresponding relationships (1.8), provided that we
drop the last terms in these.

2. The Axisymmetric Fundamental Solution of the Nonsteady Heat-Conduction Equation.
We will seek the solution of Eq. (0.2) with the right-hand side Q(r, 8; z, t) = Qy,6(r —
ro)8(z — z,)é(t — t,). Since the right-hand side is independent of 6, this dependence also
disappears in (0.2). '
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For an isotropic medium and analogous equation has the form

Tor+ Too 4 Tofr — (e Ty = F, F = (—Qy/¥:) 8 (r —

(2.1)
—10)8(z — 20) 8 (2 — 1,).
We know the solution for (2.1) from [1]:
‘ 2nQ,r B
T*(r, 2, t; Ty, 2g, Bg) = c(ﬁk‘t)A_ga/éeXp (— ZI%Z)I" (E)H(Q). (2.2)

Here ty = t — tg, k = Xpp/c; a and b are représented by relationships (1;3); H(t) is the
Heaviside function; I, is a modified Bessel function of the first kind, of zeroth order.

As was done in Sec. 1, replacing the variables from (1.4) in Eq. (0.2), we arrive at
(2.1), from which, using (2.2), we write the sought fundamental solution of the nonsteady
axisymmetric equation (0.2)

— . . 2nQ r a® b
T(r, 2,85 1y, 2 L) = 'c_g‘(ﬁf{:’):,TEXp ("ﬁ) I, (g{{;)ﬂ(tA)

[a, is defined by relationship (1.6)]. After differentiation we derive the gradient of
the fundamental solution ‘

VT=T&+T&=——§QL—MP—~£-X
’ eV 4kt )P &kt

X b b 4 b
X ”:— (r— ;A—E,L)IO(M_?:A) + rOIl(é_kEZ)] e, — -§AIO 4k—_tZ) GZ}H(tA).

For the limits as rr,/(ktp) - 0, ktp/R? - 0, ktp/(rry), R/ry > 0 we have

’ Ty = 2nQ,r, — R?
H, = 0=T—>= EZAE XD |z, H (),

— 4Q,r LA R?
—_ —— , — €] H (¢,
VT — cgz V_J’-I: (4ktA)‘=’/2 exp ( 4ktA) [Xle € ] ( A))

kt R R?

A R @ o Kt

w0 7 0T i o0 () + 0 ()]
20, R?

VI~ ACE % py (ol_dctA)2 exp (_ 47.;1;) {(—' Yzla + YrZa) €r +

(2.3)

kt,
=+ (XTer - XTTZA) e; + erRO 71
0

As in the case of nonsteady heat conduction, relationships (2.3) yield not only the
asymptote of the fundamental solution for limited times and at a limited distance between
the source and the point of observation, but also the fundamental solution of the plane
nonsteady heat-conduction problem for a rectilinear anisotropic medium, provided that the
last terms in these formulas are dropped.
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CONTACT PROBLEM IN THE THEORY OF ELASTICITY FOR
NARROW AREAS, WITH WEAR TAKEN INTO CONSIDERATION

A. N. Burmistrov UDC 539.3

1. We examine the spatial steady contact problem for the theory of elasticity in the
presence of wear. Let a body 1 slide relative to body 2; let there be no wear in this case,
and let the linear wear j for body 2 be proportional to the work of the force of friction

[1]
J = K*plp,,

where p; is the pressure; u and K* are the coefficients of friction and proportionality
between the work of the force of friction and the volume of material removed; 2 represents
the friction path.

Let us choose an affine system of coordinates 0Ox;y;z;, connected to the contact (the
0z, axis is perpendicular to the contact and directed toward body 1), so that e, e, e, ex-
hibits unit length, and the angle between e, and e, is equal to B (see Fig. 1).

Let the field of the vector for the sliding velocity be uniformly plane-parallel: V =
—veéy, the area of contact G, = {(x1, vy1): %7 < x; € %7, yi7(x1) s y1 s v P (=)} [y, ¥(x,)
are continuous functions]. The shape of the bodies and of the contact is independent of
time. This hypothesis is valid, for example, in the following cases: a) 2 represents the
half space; b) 1 is the rocking body and 2 is the bearing ring.

The equation from the theory of elasticity, with wear taken into consideration, has
the form

by (54 My) @, an, SInp _ 5
95‘5 r (8 Ny Ty YY) = w (2, ¥) — K*p P g} dy,. (1.1)
Gi .
74
y 41
$rizy
0 s z}
-7:7_ z,,.z:,’
Y1 (zy)
Fig. 1
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